This is the second part of our study of the solutions of a q-discrete second Painlevé equation (q-P II ) of type (A 2 + A 1 )
Introduction
The q-P II equation with affine Weyl group symmetry of type (A 2 + A 1 )
(1) (Ramani & Grammaticos 1996) is
where g is a function of x = x 0 q −n , n ∈ Z, while x 0 , a, q = 1 are constant parameters. In the continuum limit g(x) = 1 2
(1 − y(t)e), t = ne, e → 0 (with q 2 = (1 + e 3 /2) −1 , x 2 0 = −1/4 and a = (1 + ae 3 )), this equation reduces to the classical second Painlevé equation P II : y tt = 2y 3 + ty − a. Later we let a = a k := 1/q 4k , where k is a half -integer, and denote the corresponding solutions of q-P II as g k (x).
In part I, we presented a new approach for finding explicit solutions based on the connection between the q-Painlevé equation and its iso-monodromy deformation problem, also known as the associated linear system or 'Lax pair' (Joshi & Shi 2011) . In particular, we discovered a Schlesinger transformation of the linear system that maps a solution of the linear problem corresponding to k to another solution for the case k + 1. Starting with an explicit solution for the case k = 0, this approach enabled us to find an infinite hierarchy of rational special solutions of equation (1.1) for integer k and provides a new determinantal representation for such solutions.
In the present paper, we show how to proceed in the case when k is half -integer. In this case, the coefficient matrices of the iso-monodromy deformation problem (2.1) are no longer diagonalizable as in the rational case of part I. In particular, several non-trivial transformations are needed to solve the linear system exactly. We overcome this difficulty to obtain an infinite sequence of q-hypergeometrictype solutions of q-P II . (Such functions are also called basic hypergeometric functions or series (Gasper & Rahman 1990) .) In this case, our approach also provides a new determinantal representation of these solutions, which appears to differ from the case found by Kajiwara & Kimura (2003) and Kajiwara et al. (2011) through an algebraic bilinear method.
The paper is organized as follows. In §2, we recall the iso-monodromy deformation problem, i.e. equation (2.1a), and its properties, and solve the case k = 1/2 explicitly (see proposition 2.3). The solutions of the linear problem in this special case are q-hypergeometric functions that can be interpreted as discrete versions of the Airy function. In §3, we derive the determinant formula for hypergeometric type special solutions of equation (1.1) for a = 1/q 4k , when k are half integers. The main result of this paper is provided here as theorem 3.3. The paper concludes with a summary and discussion in §4.
Iso-monodromy deformation problem
In this section, we recall the iso-monodromy deformation problem associated with equation (1.1) and some facts about its solutions introduced in part I (Joshi & Shi 2011) . In particular, we rely on expansions of the solutions of the linear problem around the origin and infinity, which are known to be convergent (Carmichael 1912) . We recall such salient properties here for completeness.
All discrete Painlevé equations are known to be discrete iso-monodromy conditions for associated linear problems (Murata 2009 ). For q-P II , we use the linear problem (Hay et al. 2007) :
Note that n is the q-discrete monodromy variable (sometimes called spectral variable due to its origins in the inverse scattering method of solution for partial difference equations), while e 1 , e 2 , a = e 1 /e 2 are constant parameters. The entries of A are functions of g(x) and x given by
The compatibility conditionJ =Ĵ of the q-linear systems (2.1a,b)
to satisfy a second-order nonlinear q-discrete equation, namely the q-P II equation (1.1). We have chosen to concentrate analysis on equation (2.1a), the first half of the Lax pair, which defines the evolution of J(n, x) in the n-plane, because the coefficient matrix A(n, x) of the equation (2.1a) has polynomial dependence on its variable n, whereas the deformation equation (2.1b) depends transcendentally on its variable x, via g(x) the solution of q-P II equation. Recall the theorem of Carmichael (1912) on the analysis of q-linear systems with polynomial coefficients. Theorem 2.1 (Carmichael (1912) ). Consider the n × n q-discrete linear system
Assume thatj and q r j , j = 1, . . . , n, are eigenvalues of A 0 and A m , respectively, such that for i = j, none of q i − q j , r i − r j are integers. Then the system (2.3) has fundamental matrix solutions (2011)). For e 1 /e 2 = a k = 1/q 4k , k is an integer or half integer, there exists a fundamental solution matrix F(n, x) = {f 1 (n, x), f 2 (n, x)} of the q-linear systems (2.1) in the neighbourhood of n = 0,
(2.6)
(ln n/ln q), and
where m 1 , m 2 , n 1 , n 2 , f 1 , f 2 are defined earlier by equations (2.2).
In particular, the solution of q-P II is related to the leading coefficient of the formal solution of the associated linear system by
Carmichael's theorem no longer applies in the special case that we wish to focus on, namely a = 1/q 4k . However, asymptotic series expansions still exist in this case, subject to a consistency condition satisfied by the coefficients of the series. We exploit this idea here to deduce the solution for the simplest case, namely k = 1/2, e 1 = 1/q, e 2 = q, e 1 /e 2 = a = 1/q 2 . Denoting the solution of q-P II in this case by g(x) = g 1/2 (x), we find the recurrence relation (2.7d) at j = 1 is
Because d 0 = 0, m 1 (x) needs to be zero for the earlier-mentioned equation to be consistent. Recall m 1 (x) is defined by equation (2.2a),
Hence m 1 (x) = 0 implies
The continuum limit of this result is instructive. In this limit, (2.9) becomes
where we have let g 1/2 (x) = 1 2
(1 − y(t)e), t = ne, e → 0, with
Recalling that a = (1 + ae 3 ), we get a = 1/2 for this case. Hence for special parameter a = 1/q 2 , q-P II equation (1.1) reduces to a q-discrete analogue of the Riccati equation associated with the Airyfunction-type solutions of P II .
Consider now the iso-monodromy deformation problem in this special case. We know from equation (2.8) that
where a 0 (x) is the leading coefficient of the vector solution f 1 (n, x) of the isomonodromy deformation problem at n = 0. The q-Riccati equation (2.9) then implies
which simplifies to
Equation (2.11) is a q-discrete analogue of the Airy equation. Its continuum limit
is found by taking a 0 (x) = w(t), x 2 = − 1 4
(1 + te 2 /2), 1/q 2 = (1 + e 3 /2) as e → 0. Thus we have found that when e 1 /e 2 = a = 1/q 2 , q-P II reduces to the q-Riccati equation (2.9), and the leading coefficient a 0 (x) of a solution of the associated linear system satisfies the q-discrete Airy equation with respect to the Painlevé variable x.
Using the q-Riccati equation (2.9) to replace terms involving g 1/2 (xq) in the Lax pair (2.1), and recalling that in this case m 1 (x) = 0, we obtain
where, for the degenerate case k = 1 2
, e 1 = 1/q, e 2 = q, e 1 /e 2 = a = 1/q 2 , g(
where
Proposition 2.3. A solution of the Lax pair (2.1) for the case k
, where a 0 (x) is a solution of the q-Airy equation (2.11), which is given by
14)
where we have used the notationȳ(x) = y(x/q).
Proof. We aim to transform the reduced Lax pair (2.13) to a simpler form. Since
we know from equation (2.5) that the Lax pair (2.13) admits a vector solution
with a 0 (x) being a solution of equation (2.11). The first transformation
be a vector solution of the Lax pair (2.17), that is
The top entry of equation (2.18a) giveŝ
The combination on the left is reminiscent of a q-derivative:
To transform to a new 'v' which relates to u more simply, we let
This choice of v 1 is similar to transformations taken in the associated linear system of PII (Flaschka & Newell 1980) for the special case a = 1 2 . Because we now have
the Lax pair now becomes
We see that the transformation equation ( relates iteration in x to the iteration in n, which suggests a further transformation
The Lax pair is now
Recall u(n, x) in the neighbourhood of n = 0 has the series expansion:
So we have now transformed the Lax pair into a form where we have a vector solution expressed in terms of only one set of coefficients of expansion, a 2j (x), j = 0, 1, 2, . . .. The task now is to find the recurrence relations that define a 2j (x). Equation (2.23) gives us one relation (2.15a) for a 2j :
The bottom entry of equation (2.25b)
gives us the other relation (2.15b) for a 2j : 
with a 2j (x) satisfying the recurrence type relations (2.15a,b). In particular, a 0 (x) solves the q-Airy equation (2.11). The solution of the original Lax pair (2.13) can be reconstructed by using the transformations (2.16), (2.21) and (2.24):
as required.
Schlesinger transformation
In this section, we use the Schlesinger transformation given in part I to iterate solutions of the Lax pair as half-integer values of k increase by unity. To emphasize this iteration in k, we denote (2.1) when e 1 = 1/q 2k , e 2 = q 2k , a = e 1 /e 2 = 1/q 4k bŷ
Note that the Lax pair (3.1) has the matrix solution
in the neighbourhood of n = 0 that are consistent extensions of those given by proposition 2.2, as explained in §2.
Definition 3.1. Define an auxiliary system of vector functions F (k) (n, x), which are related to f 
and
Theorem 3.3. The equation q-P II (1.1) with parameter a = 1/q 4k , where k = n − 1 2 , n = 1, 2, . . . admits a hierarchy of q-hypergeometric-type special solutions g n−1/2 (x) given by
where t n (x) is the determinant of a n × n matrix
(1/2) 0 for n even, (3.9a) and
(1/2) 0 for n odd, (3.9b)
Proof. For k a half-integer, recursive iteration of equation (3.5) gives
We can rewrite the product L k L k−1 , . . . , L 1/2 in terms of different powers of n, according to whether n is odd or even in k = n − 1 2
. The case of odd integer n, n = 1, 3, . . ., can be expressed as
while for even integer n, n = 2, 4, . . ., we write
Note that s j and t j act as notation for coefficients; it is not implied that the coefficients are necessarily the same for the odd and even cases. In either case, it follows that s 0 is a constant and that t 1 = −i/xq 2 . We give the details of the even case when n = 2, 4, . . . here. The results for the odd n case are provided along the way. Firstly, we have
where a
is defined by equations (2.15a,b) . From the definition of F (n+1/2) , we also know that as n → 0
(3.12)
For F (n+1/2) (n, x) given by equation (3.11) to have the correct leading behaviour (3.12) in the neighbourhood of n = 0, coefficient s j and t j (j = 0, . . . , n + 1) must in general be functions of x and g k (x) necessarily must satisfy appropriate systems of equations. Equating the two expressions of F (n+1/2) (n, x), from the top entry we get n + 1 equations (n −n , n −n+2 , . . . , n n ):
q n−2 = 0 and n n : s n a
(1/2) 2n
which can be rewritten in the form of an (n + 1) × (n + 1) matrix equation
(3.13) From the bottom entry, we get n + 2 equations (n −n−1 , n −n+1 , . . . , n n+1 ):
(1/2) n q n = 0 and n n+1 : s n+1 a
(1/2) 2n+2
(1/2) n+2 q n+2 = c (n+1/2) 1 q (2n+1)(n+3/2) , which can be rewritten in the form of an (n + 2) × (n + 2) matrix equation
(1/2) n+2 q n+2 · · · a (1/2) 0 , for n odd.
(3.16) By Cramer's rule on equation (3.13) for s 0 , recalling s 0 is a constant and that n is an even integer, we have a (n+1/2) 0 (x) = m n t n+1 (x) t n (x) , q-special functions, such as q-hypergeometric functions. Such generic solutions of q-P II are highly transcendental functions of the variable x, in the same sense as the solutions of the second Painlevé equation P II and will form the subject of future studies.
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